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I. INTRODUCTION 
This paper concerns the discrete problem of transfer of radiation through 
a nonhomogeneous lab. The discrete case is considered here because most 
mathematical solutions for such problems are likely to be reduced to a matrix 
formulation and computed by a large modern computer. A slab is a medium 
of parallel planes in which all the physical properties are invariant over a 
plane. This study assumes that the optical properties at each plane are known. 
In general, these are measured properties which are taken at discrete points. 
This is another reason for favoring the discrete model. Classic Rayleigh 
scattering is not assumed. Rather, the process is governed by the scattering 
matrix and its associated phase matrix. We do not assume a homogeneous 
slab since the optical properties are not necessarily constant from one plane 
to another. Thus, we must take polarity into consideration, which implies that 
there are different laws for reflection and transmission of the radiation when 
the source of illumination is changed from one side of the slab to the other. 
In cases for which this difference does not exist we say the slab is nonpolar- 
ized. To avoid complication, we merely denote the intensity of the radiation 
by a vector. The Stokes-parameters are not used. Such extension can be done 
in view of the work of Sekera [l]. 
We construct the discrete space and its associated properties in a compact, 
rigorous and unified way. It provides a mathematical foundation for the 
physical model. From the mathematical point of view the discrete model 
considered has the semigroup property. The same mathematical property 
was observed by Birkhoff [2] in the discrete model of nuclear reactor theory. 
Our formulation follows the principle of invariance. Some approaches are 
related to that given by Sekera [I] for the continuous case. On the other hand, 
the present analysis may be considered a special case of the general scattering 
theorem [3]. Therefore, some of the results are merely sketched and stated. 
The particular property this model exhibits is that the polarity and homo- 
geneity are equivalent for the homogeneous case (or the nonpolarized case). 
This explains why, in the homogeneous case, the polarity is always neglected. 
On the other hand, if the slab is nonhomogeneous, we must take polarity 
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into consideration. The major role in the above property is played by the 
(local) reciprocity principle. 
Finally, we give an approximate matrix solution based on the associated 
linearized equations and the assumption that a very thin slab can be approx- 
imated by a homogeneous slab. The numerical method developed here is 
rather simple. It involves a finite number of matrix-multiplications and a 
single matrix inversion at the end. The number of multiplications is closely 
related to the smoothness property of the slab. The dimension of the matrix 
and the number of multiplications is at the user’s option; that is, it depends 
on the required accuracy of the result. In our analysis we assume the slab 
is imbedded in free space. The real problem may involve boundary conditions. 
However, the method of extension of the present result to include considera- 
tion of the boundary conditions has already been discussed elsewhere [4]. 
II. NOTATIONS AND REMARKS 
The continuous model of the multiple scattering problem is well establish- 
ed [5]. We shall see that the notation used here is constrained analogously 
to the continuous case. The major difference is that we take polarity into 
consideration and our approach is more general. To have all the desired 
mathematical properties, we require continuity of the distributed field of 
radiation in a slab. Certainly, some weaker assumption can be constructed, 
but we are not concerned with it at this time. In the continuous case the 
real-valued functions l(z; p, y) and 1(x; - p, v) denote the radiation inten- 
sities at the optical depth z in the direction (p, v) and (- CL, v) (forward (+) 
and backward (-)), respectively, where p = cos 0 with 0 < 0 < 7r/2 and 
e 7 % respectively, are the polar and azimuthal angles. In the discrete case, 
we divide the space of all (p, 9) into a finite number of points (pLi , vi) with 
i = 1, 2, 3 ,..., 11. The same division applies to the space of all (- CL, p’) 
and we obtain a set of points (- pi , vi). For brevity, we write yi for (pi , yi) 
and - yi for (- pi , vi). The real functions I(z; t.~, q) and 1(x; - p, v) in 
the continuous model are replaced by n-dimensional column vectors U(x) 
and V(z) in the discrete model. Capital U and V are used to indicate forward 
and backward discrete intensities, respectively. The ith components of these 
two vectors are: 
Ui(4 = e; 7%) and 
At a point .a the total intensity field is defined by a 2n-dimensional vector, 
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In the scattering processes a linear operation is made on U and I’ and it is 
denoted by a 2n-square, sectionally continuous (with respect to x and y) 
scattering matrix, 
(2.1) 
where x and y (X < y) are optical depths. This matrix maps the input intensi- 
ties to the output intensities and it satisfies the following equation: 
(2.2) 
In (2.1) matrices T and Q are the left- and right-hand transmission matrices 
and P and R are the corresponding reflection matrices. In the nonpolarized 
case, we have T = Q and R = P. This model corresponds to the 2n terminal 
network system (n-port). This is a higher dimensional model of the usual 
four-terminal transmission line problem. For example, we may consider the 
vector T(x, y) U(X) as the transmitted terminal output of U(y) at the y end. 
And the ith terminal output at y end is: 
2 T&,Y) U&9, where [Tijl = T. 
The extension of this to an infinite dimensional case leads to the integral 
equation [3] 
I T(x, Y; Y, ~0) 4~; ~0) dro 7 
where T(x, y; y, y,,) is a real-valued function and the integration is over all 
ya . Thus, in the discrete case the linear operator is a matrix while in the 
continuous case it is an integration. There is very little difference in the 
formulation of the above two cases. This is also observed by van de Hulst [6]. 
However, it is easier to discuss indentity, inverse and eigenvalue in the discrete 
case than in the continuous case. 
In our discrete model, the following properties are required for T, Q, P 
and R, 
(i) Linear (ii) Associative (iii) Distributive. 
For example: 
(i) R(U+U')=RU+RU (ii) R(PV)= (RP) V 
(iii) (R + TPQ)U = RU + TPQU, 
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where U’ is a forward intensity. Because the intensity is a form of energy 
and the scattering matrix maps nonnegative numbers into nonnegative 
numbers, we have 
ui > 0 Vi 3 0 and sii > 0 for all ;j, 
where [S,J = S. With a similar nonnegative property in the discrete nuclear 
reactor theory, Birkhoff [2] constructed an abstract one parameter model of a 
bounded nonnegative linear transformation called the Banach Lattice. In 
fact, the one parameter family of the semigroup property was observed for 
radiative transfer by Presisendorfer [7]. 
In this paper all vectors and matrices are denoted by capital letters. Capital 
E is reserved for the identity matrix. We do not define the dimension of this 
matrix, except in the case n = 1, in which case 1 is used instead of E. We give 
no distinction to the zero scalar, zero vector and zero matrix; all of which are 
denoted by 0. For brevity, we usually write S for S(X, JJ), T for T(x, y) and so 
on. Other arguments are written out explicitly. A transpose of a matrix S 
is denoted by S*. The norm of a vector U (or V) is defined as 
where Ui is the ith component of the vector U. The norm of a matrix T (or 
Q, R, P) is defined as 
II T II = SUP I/ TU II for all II u II = 1. 
Such notation allows us to compare two matrices. For instance, by 
Tl < T, we mean II Tl II d II T, II . 
The concepts of limit and convergence follow from this by the usual real 
number arguments. 
III. THE PRINCIPLE OF INVARIANCE 
Corresponding to the principle of invariance used by Ambarzumian [S], 
Chandrasekhar [Sj, Sekera [l], Bellman and Kalaba [9], Redheffer [IO], etc., 
we shall construct our discrete model based on this principle. Our derivation 
is straightforward and because polarity is taken into consideration, our 
result is a generalization of that given by Chandrasekhar. 
Let us consider two slabs, one slab extending from x to y and the other 
from y to z (see the following Fig. 1). 
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FIG. 1. 
The principle of invariance assumes that if two slabs are assembled 
together, the transmission and reflection operators for each slab behave 
individually as if each were imbedded in free space and that their boundary 
intensities are matched at the interfaces. With this and (2.2) we can write 
U(Y) = T(x, Y) uG4 + P(x, Y) V(Y) 
V(Y) = R(YT 4 U(Y) + Q(YT 4 w4 (3.1) 
where U(X) and V(z) are two inputs. Equation (3.1) gives the intensity at y, 
x < y < z, due to such inputs. 
When U(x) = U,, and V(z) = 0, Eq. (3.1) reduces to 
U(Y) = T(x, Y) ull + wr, Y) V(Y) 
V(Y) = WY> 4 U(Y). (3.2) 
Before we proceed, the scattering matrix can be decomposed to the sum of 
the specular matrix, S, , and the d$,fwion matrix, S, , i.e., 
s = s, + s, , (3.3) 
where 
and where T, , Q8 , P, and R, are diagonal matrices. It is usually assumed that 
T,(x,Y) = Q&,Y) = ev[- (Y - 4 fV 
and 
W, Y) = Ps(x, Y) = 0, (3.4) 
where W is a diagonal matrix with ith diagonal entry pi . Equation (3.4) is 
valid if the slab is homogeneous and the specular reflection is small. More 
detailed discussion of the nonhomogeneous case will be presented in a later 
section, By substituting (3.3) and (3.4) into (3.2) and by separating the 
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radiation due to the diffusion matrices, U, , from that due to the specular 
matrix, U, , we obtain 
and 
(3.5) 
v&9 = &(y, 4 (expl- (y - 4 w-l11 u. + WY, 4 UdW (3.6) 
In the nonpolarized case (& = Pd), Eqs. (3.5) and (3.6) are analogous to 
Chandrasekhar’s result of the principle of invariance ([5], Eqs. 5 and 6, 
pp, 161-162). Thus, we have shown that the general equations (3.1) reduce 
to a correspondingly well-established result. Let us turn our attention now 
to the general case (3.1). 
Let the two inputs in (3.1) be denoted by 
U(x) = u, and V(x) = v, (3.7) 
to indicate that they are arbitrary but fixed vectors. After some algebraic 
operations, Eqs. (3.1) can be rewritten such that each equation involves only 
one unknown, 
[E - P(T Y) WY, 41 U(Y) = w, Y) U@ + WG Y> Q(Y> 4 VII 
P - R(YT 4 w”,Y)l V(r) = R(Y, 4 W>Y) VII + P(Y, 4 VII * (3.8) 
If E - P(x, y) R(y, z) and E - R(y, z) P(x, y) are nonsingular, then (3.8) 
can be solved for U(y) and V(y). The result is: 
U(Y) = [E - w? Y) WY> +’ P-(x, Y> U” + JYX, Y) Q(Y, -4 VIII 
V(Y) = [E - WY, 4 %Y)I-~ [WY, 4 T(x, Y) U,-, + Q(Y, 4 r/,1. (3.9) 
Equations (3.9) involve entries of the scattering matrices S(x, y) and S(y, z). 
If we have a prior knowledge of such linear operators for individual slabs, 
then (3.9) gives us the matched boundary intensities for these two slabs. 
Equations (3.9) may be called auxiliary equations. If we take all multiple 
transmissions and reflections into consideration, then the results in (3.9) 
are the intensities due to multiscattering. The terminology used here is 
closely related to the multiplicutive process in the neutron diffusion theory. 
This will be discussed later when we develop more mathematical properties. 
A sufficient condition for a matrix (E-A) to be nonsingular is the converg- 
ence of the following Neumann’s series 
E+A+A2+“., 
under the norm given in Section 2. If we use the first two terms of the 
Neumann’s series for [E - P(x, y) R(y, z)]-’ and corresponding terms for 
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[E - R(y, z) P(x, y)]-’ and substitute them into (3.9), we obtain a process 
called single-scattering. If k terms of the Neumann’s series are involved, the 
results obtained by (3.9) are called k-order approximations. Multiscattering 
means to take all terms into consideration 
IV. THE INFINITESIMAL TRANSFORMATION 
Let us consider a slab extending from optical depth x to z + dz, where dz 
is positive and small. We shall obtain the scattering matrix and its approxima- 
tion for this thin layer. The particular properties enjoyed by such thin 
layers are called the ZocaEproperties. The concept of a thin layer is related to 
the infinitesimal linear transformation in mathematical physics [l l] and the 
infinitesimal generator in semi-group theory [12]. The infinitesimal trans- 
formation is used here because it appears that it has more physical meaning. 
On the other hand we shall see that our approximate result, which will be 
developed later, is based on the infinitesimal generator property. The follow- 
ing results are derived from the standard method of thin slab analysis. 
Results are closely related to that given by Twomey and his associates [13]. 
Because basic parameters are involved, we present the derivation for the 
convenience of the reader. 
Let there be a forward scalar radiation intensity Vi , in the direction yi , 
incident on a thin slab. The radiation Ui has the physical units of photons 
(or watts) per steradian per cm 2. The incident energy per unit area per solid 
angle 4Q on the slab is pi A!2Ui . A certain portion of this energy is trans- 
mitted through this thin layer in the direction yi . This portion equals 
exp[- pi1 AZ]. For AZ small, exp[- pi1 AZ] can be approximated by 
[l - Q AZ]. Th us, the specular transmitted intensity equals [ 1 - ,~il Ax] Ui 
in direction yi and zero elsewhere. The remaining part of the energy per 
unit area, (t~;l AZ) pi ASZU, = AZ ADUi , is scattered. Let Fji denote the 
portion of this remaining energy, AZ A.QUi , scattered in the forward direction 
‘~j . Then the scattered energy and intensity in the direction yj are Fji AZ AQUi 
and Fj, AZ Ai2 U,/AQp, = pilFii AzUi , respectively. The sum of the specular 
and diiused intensities in the yj direction is 
Sji(l - ,u;’ AZ) U, + $Fyi AzU, , 
where aji = 0 if if j and Sji = 1 if i = j. Since Ui is arbitrary and the 
system is linear, we obtain the results in the following matrix form, 
T(z, x + AZ) = [T&G .z + AZ) + T&z, z + Ax)] 
= [(E - W-l AZ) + (W-lF++(z) AZ)] + O(Az), (4.1) 
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where the symbol O(dz) means that if a matrix A(z) = O(Lz) then 
A(z)/dz + 0 as dz + 0, the subscript ++ is used for F(z) = [Fji(z)] to 
signify that it scatters the incident forward (+) intensity at .z into the forward 
(+) intensities at z + dz and we recall that W is a diagonal matrix introduced 
in (3.4). As for the R(z, z + dz) the specular part does not exist, so that by 
going through an analysis similar to T(x, z + dz) we obtain 
R(z, z + AZ) = qz, z + Ax) = w-lF&) AZ + O(dz), (4.2) 
where the matrix F-+ denotes scattering of the forward (+) intensity at z 
into the backward (-) intensity at x due to the existence of the thin slab. 
In a similar manner, we obtain expressions for Q and P. These combine 
with (4.1) and (4.2) giving: 
where 
S(z, z + Ax) = E + Z[F(z) - E] AZ + O(dz) (4.3) 
The matrices F;t+ and F+? are called phase matrices which correspond to the 
phase functions in the continuous case. The subscripts on the F’s in (4.4) 
are self-explanatory. For da small, the thin slab may be considered homo- 
geneous (microscopically homogeneous) and the reciprocity ([5], p. 95) 
property holds, i.e., 
F+-(4 = F-+(4, F--(z) = F++(z) 
and 
F;F,C4 = F++W F,-(z) = F+-(z). (4.5) 
This reciprocity is a local property for our case. If (4.5) holds, for brevity, 
we write 
X(z) = X”(z) Y(z) = Y*(z) 
where 
X(z) = F+-(x) = F-+(z) and Y(x) = F++(z) = F--(z). (4.6) 
For a thin layer, it can easily be shown that 
F(z) = F*(z) and S(z, z + dz) = Z-lS*(z, z + LIZ) 2 + O(dz). (4.7) 
If a phase matrix can be represented as a product of a matrix and its 
transpose, it is called separable. Thus, phase matrices X and Y are separable, 
if, and only if, they are positive definite. Separable phase matrices play an 
important role in the analysis presented by Sekera [14]. 
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V. EQUATIONS FOR NONHOMOGENEOUS SLAB 
It was established [3], [IO] in the general scattering theory that once the 
infinitesimal generator is given, the scattering equations, which involve 
both the specular and the diffusion equations, are uniquely determined. It 
is also known [l] that the different methods of constructing radiative transfer 
equations are equivalent. The basic method is developed on the principle of 
invariance. By comparing the scattering matrix associated with a slab extend- 
ing from x to y to the scattering matrix associated with a slab extending 
from x - Ax to y, we obtain - [2s(x,y)]/2~. Likewise, one can obtain 
[28(x, y)]/2y. The technique used is either the particle counting method [9] 
or the thin layer [3] method. Both methods are well established, and we 
merely state the results along with some remarks. Since the diffusion parts are 
of more interest to us, the results are expressed in the following diffusion 
forms. 
2R, -__ = W-lx f W-‘(Y - E) R, + R,W-‘(Y - E) + R,W-IXR, 
8X 
(5.1) 
- __ = (T, + Td) W-l(Y f XR,) - T,W-l 2Td ax W) 
- ___ = (7-s -t Tci) W-'X(Qs + QJ 
ah 
2x (5.3) 
- - = (W-‘Y + RdW-lX)(Qs + Qd) W-lQ, 2Qd ax (5.4) 
- = (Qs + QcJ W-lX(T, i- Tct) W 
ay 
(5.5) 
- = ( W-1Y + P, W-lx) (T, + Td) - W-lT, aTd 
aY 
(5.6) 
- = W-1X + W-‘(Y - E) P, + PdW-l(Y - E) + P,W-lXPd apli 
2Y 
(5.7) 
~ = (Qs + Qd) W-V’ + XP,) - QP-l. aQd 
ay 
(5.8) 
The initial condition is R, = Td = P, = Qd = 0 when x = y. In the above 
equations we used the assumption that both T, and Qg satisfy the following 
specular equations: 
2T 2T, --.2 
ax=%= - W-IT, and R, =Qd =O. (5.9) 
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The first equation of (5.9) is valid if the slab is homogeneous because in such 
a case 
T, = Qs = exp[- (y - x) W-l]. 
Further, homogeneity implies X and Y are constant matrices and 
q&Y) = sty - 4, &(X>Y) = &(Y - 4. 
The preceding equations hold if, and only if, the following equations are true 
WG Y) as(x, Y) as,(x, Y) aw, Y) --=- and - -- - 
ax aY ax ay * 
(5.10) 
The “if” part is trivial and the “only if” part is intuitive but needs some 
argument. For the homogeneous case, Eqs. (5.1) through (5.8) reduce to a set 
of four equations. Two of them are identical to the results of Twomey and 
his associates. The remaining part of this section is devoted to a justification 
of the use of (5.9) for the nonhomogeneous lab and some discussion of the 
homogeneity and polarity. 
It is known that the differential equation for the specular part contains no 
diffuse reflection or transmission. Results [3], [lo] are expressed in the following 
form: 
- 2 = (B, + f’,C,) T, 
- tj$ =Qs(C,P, + D,), 
where the diagonal matrices C, , B, and D, satisfy the equation 
and where x” and I are real distances (not optical depths). In the problem of 
radiative transfer the surface specular reflection is assumed to be very small, 
i.e., A = C = 0 for all z. Furthermore, B, = D, for all z because of (5.12) 
and local reciprocity. From the above Eqs. (5.11) are reduced to 
aT -8 
an 
= B,Ts and - ‘g = QsDs . 
But these are identical matrix equations since B, , T, , Q8 and D, are diagonal 
matrices and all commute with each other. For AI small the slab extending 
from I to AI may be considered a homogeneous slab. This property which 
holds only in a small neighborhood of I is called the local homogeneity. The 
right-hand side of Eq. (5.12) provides this property and we have 
B,(Z) = D,(I) = b(l) W-‘, (5.14) 
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where the scalar b(Z) is the extinction function. In the homogeneous slab, 
b(Z) is a constant function. By using the optical depth, 
(5.15) 
we have that T, and Qs both satisfy Eq. (5.9), even for the nonhomogeneous 
slab. The primary reason we obtain this result is because of local reciprocity 
and homogeneity. 
Equations (5.1) and (5.7) can each be solved individually, since each one of 
them contains only one unknown matrix. It is well-known that the solution 
of such equations are unique [I 51, i.e., if two solutions agree at a single point 
then they are identical solutions. By taking the transpose of (5.1) and assuming 
WP, = (WR,)* at a single point, we have 
at that particular point, Since Pd = R, = 0 at x = y, we obtain 
P d = W-lR*W d 
by the uniqueness of the solution. The corresponding result for Td and Qd is 
Td = W-IQ,* W. (5.16) 
The natural question at this stage is this: what is a necessary and sufficient 
condition for 
Pd = R, and Qd = Td (nonpolarized). (5.17) 
An easy way to answer this question is by observing the two pairs of equa- 
tions, (5.1) (5.7), and (5.2) (5.8). If (5.17) holds then by Eqs. (5.1) and (5.7) 
we have 
aR, ap, aR, --=- =- 
ax ay ay for all x <y. 
By our earlier statement, this implies the slab is homogeneous. On the other 
hand, if the slab is homogeneous then Eqs. (5.1) and (5.7) are identical 
equations. By the uniqueness of the solution, and the fact that Pd = R, = 0 
at x = y, the first equality (5.17) holds everywhere. The remaining part can 
be proven in a similar manner by using the uniqueness of the solutions for 
Eq. (5.2) and Eq. (5.8). This is trivial because for given matrices T, , Qs , R, 
and P, Eq. (5.2) and Eq. (5.8) are linear matrix equations. To summarize 
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our result, we say a slab is homogeneous if, and only if, it is nonpolarized. 
On the other hand, if the slab is nonhomogeneous, we must take polarity 
into consideration. 
VI. APPROXIMATE SOLUTIONS 
Equations (5.1) and (5.8) involve nonlinear matrix differential equations. 
The closed form solutions are difficult to obtain. In this section we shall give 
an approximate solution for such a system of equations. Our method is based 
on two concepts. First, we use the matrix 3 with which we can put the above 
above system into a linearized form. The idea of 3 was introduced by 
Redheffer in the analysis in transmission-line theory [lo]. Second, we assume 
that we may subdivide a given slab into a finite number of subslabs such that 
each subslab has the local homogeneous property. By the smoothness pro- 
perty this approximation approaches the exact solution when there are a 
sufficient number of divisions. 
Equation (2.2) can be rewritten as 
(6.1) 
which relates the intensities at one side of a slab extending from x to y to 
the other side. In the case Q is nonsingular, the inverse of 
By rewriting Eq. (5.4) in terms of Q and using the well known result ([16] 
p. 28), we can show that the determinant of Q is nonzero. From which it 
follows Q is nonsingular. Thus, we can write 
Lqx,y)=(; j=i-,” yj(x’ _“,j. (6.2) 
It is clear that 9 satisfies the equation 
I(Y) = S(% Y) I(x). (6.3) 




N(z) = (?C(Y) E X(4 - Y(z) + E 1 ’ 
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It can be shown that ,!? enjoys the one-parameter semigroup property [lo], i.e., 
S(x, 4 = @,Y) S(Y, 4 for all X<Y<.Z. (6.5) 
One can easily construct the following linearized differential matrix equations 
based on the concept of added thin layers (6.4). The results are 
a@, Y) ~ = - ZN(x) qx, y) 
ax 
ax, Y) ___ = qx, y) .qY) 
aY 
(64 
for all x < y. 
It can be shown that (6.6) and the system of Eqs. (5.1) through (5.8) are 
equivalent provided the solutions exist. 
Let us introduce a new notation for the 2n-dimensional vector space, 
namely, 
That is, 
I(z) = I+(z) + I-(z). 
This combines with (6.5), (6.6) and the matrix norm introduced in Section 1. 
It can be shown that the processes under consideration are mathematically 
equivalent to the finite-dimensional multiplicative processes [2]. Equations 
(6.6) with nonnegative ZN closely resemble Markoff processes. 
Let us divide a given interval (x, y) with x < y into n subintervals (xi , x~+~) 
for i = O,..., n with x0 = x and x, = y. We denote 
%I 7 Xi) = 9i , 
corresponding to the slab extending from x,, to Xi . By (6.4), we obtain 
si = si-pqxi, , Xi) + O(d) 
= Si-lLi(Xi) + O(d) 67) 
where 
L&J = E + ZN(xi) (xi - xi-&. 
By repeating (6.7) we obtain 




f&(x,) = s* = (2 2) 
i=l 
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and call ,!$ an upp~oximte solution for $(x, JJ) since the term O(d) is not taken 
into consideration. For a better approximation, each Li may take its mean 
value at some li , xi < & < xi+i . The existence of & is guaranteed by the 
mean value theorem, i.e., [* satisfies the equation 
(xi+1 - xi) N(5,) = s:r” N(z) dz. 
c 
(6.9) 
The use of the mean value is equivalent to a subdivision of an interval 
(xi , xi+i) into a large number of subintervals with widths Ax; all of which 
may be allowed to approach zero in the limit, because: 
gi,i fi [E + zNi(5;) Ax’] = E + Z I” N(z) dz. 
t=1 *i-1 
It can be easily shown that corresponding to & , the matrix 
s, = - ! - f pn$ii) (2 _ i) - exp[- (y - x) W-l] (f “,, 
is an approximation for the system of Eqs. (5.1) through (5.8). 
Finally, if two inputs on two sides of the slab are given as 
U(x) = ZJ, and WJ) = VLl * 
Then by (6.3) we obtain the approximate output intensities 
VJX) = &‘( v, - li,U,) 
and 
WY) = (cl + e3Q3J uo + eLk’cl 
where & is nonsingular. 
(6.9) 
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